In this paper, we introduce a new generalization of a class of inverse Lindley distributions called the generalized inverse Lindley power series (GILPS) distribution. This class of distributions is obtained by compounding the generalized class of inverse Lindley distributions with the power series family of distributions. The GILPS contains several lifetime subclasses such as inverse Lindley power series, two parameters inverse Lindley power series, and inverse power Lindley power series distributions. It can generate many statistical distributions such as the inverse power Lindley Poisson distribution, the inverse power Lindley geometric distribution, the inverse power Lindley logarithmic distribution, and the inverse power Lindley binomial distribution. The proposed class has flexibility in the sense that it can generate new lifetime distributions as well as some existing distributions. For the proposed class, several properties are derived such as hazard rate function, limiting behavior, quantile function, moments, moments generating function, and distributions of order statistics. The method of maximum likelihood estimation can be used to estimate the model parameters of this new class. A simulation for a selective model will be discussed. At the end, we will demonstrate applications of three real data sets to show the flexibility and potential of the new class of distributions.
Introduction
Consider the lifetime, X i , of a system with N components. The life of each component is a positive continuous random variable and can have any lifetime distribution. Examples might include the exponential, the gamma, the Weibull, the Lindley, the inverse Weibull, the inverse gamma, and the inverse Lindley. The life of such a system can be modeled as a non-negative random variable
based on whether the components are in a series or parallel. The distribution of the discrete random variable N can be any truncated discrete distribution such as the zero-truncated Poisson, the geometric, the logarithmic, the binomial and the generalized power series. The continuous random variables X i , i = 1, . . . , N are independent from the random variable N.
The inverted family of distributions is commonly used to model data from reliability experiments that exhibit unimodal hazard rate functions. Lindley [21] suggested a new distribution as an alternative for the exponential distribution that became the well-known Lindley distribution. Since then, many other generalizations and extensions of the Lindley distributions have been proposed, both to improve its flexibility and to achieve a better fitting of lifetime data. The inverse Lindley (IL) distribution was originally proposed by Sharma et al. [29] . Sharma et al. [30] added a shape parameter to the IL distribution, and this work was extended by Alkarni [1] . Another extension of the inverse Lindley distribution was proposed by Sharma and Khandelwal [28] . Recently, Barco et al. [5] introduced the inverse power Lindley (IPL) distribution and applied it to real data. It showed good flexibility in fitting the data compared with many existing distributions.
In recent years, several power series distributions have been proposed in the literature. These distributions were obtained by compounding some useful lifetime distributions with power series distributions. Lindley power series (LPS) class of distributions (Liyanage and Pararai [22] ), Weibull power series class of distributions (Morais and Barreto-Souza [25] ), compound class of extended Weibull power series of distributions (Silva et al. [31] ), a generalization of the extended Weibull power series family of distributions (Alkarni [2] ), exponentiated extended Weibull power series class of distributions (Tahmasebi and Jafari [33] ), inverse Weibull power series distributions (Shafie et al. [27] ), generalized exponential power series of distributions (Mahmoudi and Jafari [23] ), complementary exponential power series (Flores et al. [14] ), double-bounded Kumaraswamy power series (Bidram and Nekoukhou [6] ), Burr XII power series (Silva and Cordeiro [32] ), generalized linear failure rate power series of distributions (Alamatsaz and Shams [16] ), Birnbaum Saunders power series of distribution (Bourguignon et al. [7] ), linear failure rate-power series of distributions (Mahmoudi and Jafari [24] ), complementary extended Weibull-power series of distributions (Cordeiro and Silva [8] ), Gompertz-power series distributions (Tahmasebi and Jafari [19] ), the Exponential Pareto power series distribution (Elbatal et al. [13] ), generalized modified Weibull power series distribution (Bagheri et al. [4] ), Compound family of generalized inverse Weibull power series distributions (Hassan et al. [18] ), and complementary exponentiated inverted Weibull power series family of distributions (Hassan et al. [17] ) are some examples of such distributions. To compound a continuous distribution with a discrete one, Nadarajah et al. [26] introduced the package: Compounding in R software (R Development Core Team [34] ).
In this paper, we introduce the GILPS by considering a system with parallel components and by compounding the generalized class of inverse Lindley distributions with the power series distributions. The GILPS class of distributions is a flexible family and contains several inverse Lindley types of distributions compounded with discrete distributions (truncated at zero).
The proposed family of distributions can be applied to many fields such as business, environmental science, actuarial science, biomedical studies, demography and industrial reliability. This family contains several subclasses and lifetime models as special cases. In addition, it gives us the flexibility to choose any compound lifetime for modeling many behavioral types of lifetime data.
The remainder of this paper is organized as follows. In Section 2, we define the generalized inverse Lindley (GIL) class of distributions and present some existing models that can be deduced as special cases of the considered model. In Section 3, we define the GILPS class of distributions in terms of the cumulative distribution function and introduce some special subclasses. In Section 4, we provide the general properties of the GILPS class, including density, hazard function, quantile function, moments, moments generating function and distribution of order statistics. The estimations of GILPS parameters are investigated in Section 5 using the method of maximum likelihood estimation. In Section 6, some special distributions are introduced as examples of the GILPS. In Section 7, a simulation is applied to a GILPS model to test the performance of the maximum likelihood method in estimating the parameters. In Section 8, we present some real data to illustrate the applicability and flexibility of the GILPS distributions. Finally, some concluding remarks are offered in Section 9.
The generalized inverse Lindley class of distributions
In this section, we define the generalized inverse Lindley (GIL) class of distributions, which generates most of the existing inverse Lindley types of distributions and can be used to generate new ones. Definition 2.1. The GIL class of distributions is defined by its cumulative distribution function (cdf) as follows:
The corresponding probability distribution function (pdf) becomes:
We note that the GIL class of distributions was introduced as a three-parameter model called "the extended inverse Lindley distribution" by Alkarni [1] .
Several inverse Lindley distributions can be written in form (2.1) depending on the parameters λ and α. We present some special distributions in the following sub-section.
Special cases

Inverse Lindley distribution
For the choice of λ = α = 1, the cdf in (2.1) becomes:
which is the cdf of the inverse Lindley distribution introduced by Sharma et al. [29] . From (2.2), the pdf is given by
x , β, x>0.
Two-parameter inverse Lindley distribution
For the choice of α = 1, the cdf in (2.1) becomes:
which is the cdf of the two parameters of the inverse Lindley. From (2.2), the pdf is given by:
Inverse power Lindley distribution
If λ = 1 then the cdf in (2.1) becomes:
which is the cdf of the inverse power Lindley distribution introduced by Barco et al. [5] . From (2.2), the pdf is given by:
The GILPS family
In this section, we derive the family of GILPS distributions by compounding the GIL class of distributions with the power series distributions.
Let N be a zero-truncated discrete random variable having a power series distribution with the following probability mass function:
where a n 0 depends only on n, c(θ) = ∞ n=1 a n θ n , and θ ∈ (0, s) is chosen in such a way that c(θ) is finite. The power series family of distributions, includes Poisson, geometric, logarithmic and binomial distributions, see Johnson et al. [20] . Useful quantities, such as a n , c(θ), the first derivative of c(θ), and its inverse, for the above mentioned distributions truncated for zero are presented in Table 1 . 
. . , N are independent and identically distributed (iid) random variables with cdf as in (2.1). Then the cdf of X |N = n is given by:
The GILPS distribution is then defined by the marginal cdf of X, which is given by:
. Then, the cdf of X (2.1) is given by:
Based on the choice of c(θ), λ, and α with form (3.1), this class covers the entire compounded inverse Lindley types of distributions. 
General properties
Density and hazard functions
The pdf and hazard function (hf) of the GILPS are, respectively, given by:
and
Proposition 4.1. The limiting distribution of the GILPS when`→ 0 + is the GIL.
Proof. Using the L'Hôpital's rule
which is the cdf of the GIL distribution.
Proposition 4.2. The pdf of GILPS distributions can be expressed as an infinite number of linear combinations of densities of the order statistics and given by
Proof. Given that c (θ) = ∞ n=1 na n θ n−1 , we have,
where g Y (x; n) is the pdf of Y = max(Y 1 , . . . , Y n ), and
and using the binomial expansion, the pdf of the GILPS can be written as
Moments, and moments-generating function
The r th moment of a random variable X ∼ GILPS(θ, β, λ, α) distribution, µ r , is obtained using (4.3) as:
The moments generating function (mgf) of the GILPS is obtained as M X (t) = E(e tx ), t>0. Using the series expansion e tx = ∞ k=0 t k x k k! , the above expressions are reduced to:
where Γ a = ∞ 0 x a−1 e −x dx. Therefore, the mean and the variance of the GILPS distribution, respectively can be obtained easily from (4.4) as µ = µ 1 and σ 2 = µ 2 − µ 2 .
The skewness and kurtosis measures can be obtained from the expressions
upon substituting for the raw moments from (4.4).
Quantile function and order statistics
In this section, the quantile function and order statistics of GILPS distributions will be derived. 
where W −1 (.) is the negative branch of the Lambert W function (see Corless et al. [9] ).
Proof. The quantile function is the root of the equation
Multiplying both sides by c(θ) and applying c −1 (.), then multiplying both sides by
θe β+λ , leads to
, solving the equation
Order statistics are the most fundamental tools in non-parametric statistics and inference. These can be used to address estimation problems and hypothesis tests in many ways. The pdf of the k th order statistics from a random sample X 1 , . . . , X n from X∼GILPS(θ, β, λ, α) is given by:
The associated cdf can be defined as:
where F GILPS (x) and f GILPS (x) come from (3.1) and (4.1), respectively.
Estimation and inference
Let X 1 , . . . , X n be a random sample with the observed value x = (x 1 , . . . , x n ) obtained from the GILPS distribution with parameters θ, β, λ, and α. Let Θ = (θ, β, λ, α) T be the 4×1 parameter vector. The log likelihood function is given by: l n = l n (Θ; x) = n log α + n log θ + 2n log β − n log(β + λ) − n log(c(θ))
Consider p i = (β+λ+βλx −α ) β+λ e −βx −α . The score function, U n (Θ) = (∂l n /∂θ, ∂l n /∂β, ∂l n /∂λ, ∂l n /∂α) T , is given by:
, and p iα = ∂p ∂α . The maximum likelihood estimation (MLE) of Θ, say Θ, is obtained by solving the nonlinear system U n (x; Θ) = 0. Since this nonlinear system of equations does not have a closed form solution, any numerical method (such as the Newton-Raphson procedure) can be used. For the interval estimation and hypothesis tests on the model parameters, we require the following observed information matrix:
where the elements of I n (Θ) are the second partial derivatives of U n (Θ). Under the standard regularity conditions for the large sample approximation as mentioned in Cox and Hinkley [10] , and verified here that these are fulfilled by the proposed model, the distribution of Θ is approximately N p (Θ, J −1 n (Θ)), where J n (Θ) = E[I n (Θ)]. Whenever the parameters are in the interior of the parameter space and not on the boundary, the asymptotic distribution of
is the unit information matrix, and p is the number of parameters of the distribution. The asymptotic multivariate normal N p (Θ, I −1 n ( Θ)) distribution of Θ can be used to approximate the confidence interval for the parameters, the hazard rate and the survival functions. An 100(1 − γ) asymptotic confidence interval for parameter Θ i is given by
where I ii is the (i, i) diagonal element of I −1 n ( Θ) for i = 1, . . . , p, and Z γ 2 is the quantile 1 − γ 2 of the standard normal distribution.
Special cases of GILPS model
In this section, we shall show that various models can be obtained as special cases of the GILPS class of distributions.
Inverse power Lindley Poisson distribution
The inverse power Lindley Poisson (IPLP) distribution (truncated at zero) is a special case of the GILPS distribution with c(θ) = e θ − 1(θ>0), λ = 1. Using (3.1), the cdf of the IPLP distribution is:
, θ,β, α, x>0.
Using (4.1) and (4.2), the associated pdf and hf are given respectively by: The r th moment of a random variable X following the IPLP distribution can be obtained from (4.4) with a n = 1 n! :
From (4.5), the quantile function of the IPLP distribution can be readily expressed as
For α = 1, we have the inverse Lindley Poisson (ILP) distribution.
Inverse power Lindley geometric distribution
The inverse power Lindley geometric (IPLG) distribution (truncated at zero) is a special case of the GILPS distribution with c(θ) = θ 1−θ , λ = 1, (0<θ< 1). Using (3.1), the cdf of the IPLG distribution is:
.
From (4.1) and (4.2), the associated pdf and hf are given respectively by
Plots of the pdf and hf of the IPLG distribution for some selected parameter values are shown in Figure 2 . The r th moment of a random variable X following the IPLG distribution can be obtained from (4.4) with a n = 1:
From (4.5), the quantile function of the IPLG distribution can be readily defined by:
For α = 1, we have the inverse Lindley geometric (ILG) distribution.
Inverse power Lindley logarithmic distribution
The inverse power Lindley logarithmic (IPLL) distribution (truncated at zero) is a special case of the GILPS distribution with c(θ) = − log(1 − θ), λ = 1, (0<θ< 1). Using (3.1), the cdf of the IPLL distribution is:
By using (4.1) and (4.2) the associated pdf and hf are given respectively by:
Plots of the pdf and hf of the IPLL distribution for some selected parameter values are shown in Figure  3 . The r th moment of a random variable X following the IPLL distribution can be obtained from (4.4) with a n = 1 n :
From (4.5), the quantile function of the IPLL distribution can be expressed as:
For α = 1, we have the inverse Lindley logarithmic (ILL) distribution.
Inverse power Lindley binomial distribution
The inverse power Lindley binomial (IPLB) distribution (truncated at zero) is a special case of the GILPS distribution with c(θ) = (1 + θ) m − 1, λ = 1, (0<θ< 1), where m is a positive integer. Using (3.1), the cdf of the IPLB distribution is:
By using (4.1) and (4.2), the associated pdf and hf are given respectively by:
for 0<θ< 1,β, α, x>0. Plots of the pdf and hf of the IPLB distribution for some selected parameter values are shown in Figure  4 . The r th moment of a random variable X following the IPLB distribution can be obtained from (4.4) with a n = m n :
From (4.5), the quantile function of the IPLB distribution can be expressed as:
For α = 1, we have the inverse Lindley binomial (ILB) distribution.
Simulation study
In this section, we present the results of simulations for different sample sizes to assess the performances of the MLE estimators. For illustrative purposes, we choose the IPLG distribution. The simulation technique for the IPLG distribution is the inversion method using the following lemma. Lemma 7.1. Let U be a standard uniform variable between zero and one. Then, the random variable:
, is said to come from the IPLG distribution with parameters θ, β, and α.
Samples of size n = 25, 50, 100, 200, 400, and 600 are generated for two sets of parameters, namely (θ = 0.2, β = 0.8, α = 0.75) and (θ = 0.8, β = 1.1, α = 2). Using Lemma 7.1, we repeated the simulations for N = 5000, and evaluated the average estimate (AE), average bias (AB), and root mean squared error (RMSE). The empirical results are obtained by using the statistical computing software R and are presented in Table 2 . It can be seen that as the sample size increases, the RMSE and AB decrease toward zero and the AE converges to the actual parameter. Thus, we can conclude that the MLE method provides consistent estimates of the model parameters. Table 2 : The AE, AB, and RMSE for varying n, θ, β, and α.
Applications
In this section, we fit the IPLP, IPLG, IPLL, and IPLB to three real datasets and compare the results with two three-parameter distributions. The first is the generalized inverse Weibull (GIW) distribution introduced by Gusmão et al. [11] . The cdf of the GIW distribution is given by
The second is the extended inverse Lindley (EIL) distribution proposed by Alkarni [1] . The cdf of the EIL is given by
The first data set represents the relief times (in minutes) of 20 patients receiving an analgesic (reported by Gross and Clark [15] The second data corresponds to 46 observations reported on active repair times (hours) for an airborne communication transceiver discussed by Alven [3] . The data are: 0.2, 0.3, 0.5, 0.5, 0.5, 0.5, 0.6, 0.6, 0.7, 0.7, 0.7, 0.8, 0.8, 1.0, 1.0, 1.0, 1.0, 1.1, 1.3, 1.5, 1.5, 1.5, 1.5, 2.0, 2.0, 2.2, 2.5, 2.7, 3.0, 3.0, 3.3, 3.3 The third data set represents the flood levels for the Susquehanna River at Harrisburg, Pennsylvania, over 20 four-year periods from 1890 to 1969 and was obtained in a civil engineering context and give the maximum flood level (in millions of cubic feet per second). This data has been widely used by authors and were initially reported by Dumonceaux and Antle [12] . For each distribution, we derive the maximum likelihood estimates (MLE), the maximized log likelihood (Log L), the Kolmogorov-Smirnov statistics (K-S) with their respective p-value, the Akaike Information Criterion (AIC), and the Bayesian Information Criterion (BIC). The K-S test is valid to test the quality of the fit of the underlying distributions to the failure data, as shown in Bagheri et al. [4] . The results of all data sets are presented in Table 3 , 4, and 5. The fitted densities of GILPS models and the competitor's models for all the data sets are shown in Figures 5, 6 , and 7. These indicate that the GILPS distributions fits the data better than the other distributions. The KS test statistic has smallest value with largest p-value for the GILPS distributions. This is confirmed by the log likelihood, the AIC and the BIC also. Figure 6 : Plots of fitted models of the repair times data. Figure 7 : Plots of fitted models of the flood levels data. 
Concluding remarks
The purpose of this paper was to define a new family of lifetime distributions called the GILPS family of distributions. The GILPS class contains some lifetime subclasses and has the ability to produce many useful and flexible distributions for modeling lifetime data. The properties of the GILPS class of distributions have been derived in flexible and useful forms, including density, hazard function, quantile function, moments, moments generating function, distribution of order statistics and maximum likelihood estimates. Some subclasses and models were introduced to show the beneficiary of the proposed class. A simulation was conducted to test the estimating method performance for the model parameters. In addition, some of the GILPS distributions applied to three real data sets and then compared to some existing distributions.
